An exceptional symmetry algebra for the 3D Dirac-Dunkl operator by Langlois-Rémillard, Alexis & Oste, Roy
ar
X
iv
:2
00
9.
13
90
4v
1 
 [m
ath
-p
h]
  2
9 S
ep
 20
20
An exceptional symmetry algebra for the 3D
Dirac–Dunkl operator
Alexis Langlois-Re´millard and Roy Oste
Abstract We initiate the study of an algebra of symmetries for the 3D Dirac–Dunkl
operator associated with the Weyl group of the exceptional root system G2. For this
symmetry algebra, we give both an abstract definition and an explicit realisation. We
then construct ladder operators, using an intermediate result we prove for the Dirac–
Dunkl symmetry algebra associated with arbitrary finite reflection group acting on
a three-dimensional space.
1 Introduction
In the present paper, we initiate the study of an algebra of symmetries for the Dirac–
Dunkl operator associated with the exceptional root system G2. The latter is primar-
ily known from the classification of simple Lie algebras. The associated Lie group
and algebra continue to spark interest, see for instance the recent paper of Dobrev [4]
and references therein. Our purpose is related instead to the action of theWeyl group
associated with G2 on a (two-dimensional subspace of a) three-dimensional space.
Though G2 is indeed a root system of rank 2, the arising symmetry algebra associ-
ated with three-dimensional space portrays interesting non-trivial relations, which
are not present when considering the two-dimensional analogue.
We will briefly recall how the symmetry algebra in question arises. For a finite
reflection groupW acting on a finite dimensional vector space, there exists a rational
Cherednik algebra (RCA) [6] that can be viewed as a deformation of the algebra
of polynomial differential operators on the vector space. An explicit realisation is
given by means of differential-difference operators called Dunkl operators [5]. A
generalisation of the Dirac operator is defined abstractly inside the tensor product
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of the RCA and a Clifford algebra, or explicitly by using Dunkl operators in lieu of
partial derivatives in the ordinary definition of the Dirac operator.
In this way, the Dirac–Dunkl operator squares to a Dunkl version of the Laplace
operator whose invariance is restricted to the groupW as opposed to the full orthog-
onal invariance of its classical counterpart. Moreover, together with its dual partner,
the Dirac–Dunkl operator generates a Lie superalgebra isomorphic to osp(1|2). The
latter’s (super)centraliser inside the tensor product of RCA and Clifford algebra
gives an algebra of symmetries (super)commuting with the Dirac–Dunkl operator.
Structurally it can be seen as a deformation of the orthogonal Lie algebra represent-
ing total angular momentum in the non-deformed case.
In previous work [1], explicit expressions for the elements of the symmetry al-
gebra and the generated algebraic structure were determined for arbitrary finite re-
flection group. Subsequently, the study was specialised to the A2 root system with
Coxeter group S3 acting on a three-dimensional Euclidean space [2]. In this case it
was possible to classify all irreducible representations and give conditions for when
they are unitarisable. An important tool was the construction of ladder operators.
A natural follow-up question is whether this approach extends to settings with
other reflection groups. The existence of ladder operators will in general depend
on the root system under consideration. One of our aims is to work out in detail
the conditions for their existence. The full analysis goes beyond the scope of this
contribution; here we will already present some preliminary results pertaining to
three-dimensional spaces and focus in particular on the exceptional root system G2,
embedded herein.
In section 2 the required definitions of the exceptional root systemG2 and Dirac–
Dunkl operator are introduced and we present the symmetry algebra both abstractly
and as an explicit realisation. In section 3, we prove an intermediate result for arbi-
trary root system in R3 and show that this leads to the existence of ladder operators
for the symmetry algebra associated with G2.
2 An exceptional symmetry algebra
We consider the Euclidean space R3 with coordinates x1,x2,x3. The 2-dimensional
root system G2 is realised in a plane and is generated by two simple roots α1 =
(0,1,−1) and α2 = (1,−2,1). The Coxeter group linked to G2 is the dihedral group
D2·6 that we will present by: D12 = 〈σ1,σ2 | σ21 = σ22 = (σ1σ2)6 = (σ2σ1)6 = 1〉
with the reflections σ1 connected to the short root α1, and σ2 to the long root α2.
Their actions on R3 are expressed matricially by:
σ1 =

1 0 00 0 1
0 1 0

 , σ2 =

 2/3 2/3 −1/32/3 −1/3 2/3
−1/3 2/3 2/3

 . (1)
A set of positive roots is given by
An exceptional symmetry algebra for the 3D Dirac–Dunkl operator 3
R+ = {α1 = (0,1,−1),α2 = (1,−2,1),α3 = (1,−1,0),
α4 = (1,1,−2),α5 = (1,0,−1),α6 = (2,−1,−1)} .
(2)
To each root αi, a reflection σi is paired. The reflections have the following decom-
positions in terms of the simple reflections σ1,σ2:
σ3 = σ2σ1σ2, σ4 = σ1σ2σ1, σ5 = σ1σ2σ1σ2σ1, σ6 = σ2σ1σ2σ1σ2. (3)
We introduce a D12-invariant weight function κ : G2 → C, which is defined by
two complex numbers κ1 and κ2 linked respectively to the short and long roots.With
this, it is possible to define Dunkl operators [5] for the root system G2; for example
the one associated with the coordinate x2 is given by
D2 =
∂
∂x2
+κ1
(
1−σ1
x2− x3 +
1−σ3
x1− x2
)
+κ2
(
−2 1−σ2
x1− 2x2+ x3 +
1−σ4
x1+ x2− x3 −
1−σ6
2x1− x2− x3
)
,
(4)
while D1 and D3 are defined similarly.
Next, we consider the Clifford algebra with three anticommuting generators
e1,e2,e3 that all square to ε ∈ {+1,−1}. The Dirac–Dunkl operator associated with
our embedding of G2 in R
3 is realised explicitly by D = D1e1+D2e2+D3e3. To-
gether with its dual partner x1e1+x2e2+x3e3, it generates a realisation of osp(1|2).
For ease of notation, we shall not make explicit mention of the tensor product, trust-
ing the reader to add it whenever Clifford elements ei are involved.
The elements of the symmetry algebra were obtained in previous work [1] (that
they indeed generate the full centraliser is the subject of [8]) and we will go over
them now. First, we need a double cover of the Weyl group D12. The orthogonal
group O(3) has two non-isomorphic double covers. These correspond to the two
choices of ε in the definition of the Clifford algebra [7]. For either choice of ε , we
obtain a double cover D˜ε12 by viewing D12 as a subgroup of the orthogonal group
O(3), through the pullback of the projection of the Pinε(3) double cover onto O(3).
In this way, we obtain the D˜ε12 elements (together with their additive inverses):
σ˜1 =
σ1(e2− e3)√
2
, σ˜3 =
σ3(e1− e2)√
2
, σ˜5 =
σ5(e1− e3)√
2
,
σ˜2 =
σ2(e1− 2e2+ e3)√
6
, σ˜4 =
σ4(e1+ e2− 2e3)√
6
, σ˜6 =
σ6(2e1− e2− e3)√
6
.
Note that the group relations depend on the choice of ε . By direct computation
we find D˜ε12 = 〈σ˜1, σ˜2 | σ˜21 = σ˜22 = ε,(σ˜1σ˜2)6 = (σ˜2σ˜1)6 =−1〉, which also follows
from [7, Thm 4.2]. The order of this group is 24, and for ε = +1 it is again a
dihedral group, while for ε = −1 it is a dicyclic group. Regardless of the choice
of ε , all elements of D˜ε12 will supercommute with the Dunkl-Dirac operator when
taking into account the Z2-grading inherited from the Clifford algebra. Both D and
±σi are odd elements with respect to this grading, so they will in fact anticommute.
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In the following, we will use the standard notation for anticommutator ({−,−}) and
commutator ([−,−]).
Furthermore, there are three analogues of the total angular momentum operators
that commute with the Dirac operator: O12,O23,O13. Classically (non-Dunkl) they
generate a realisation of the orthogonal Lie algebra so(3), though here it will be a
deformation thereof. An explicit realisation is given by
Oi j = Li j+ εeie j/2+Oie j−O jei, (5)
where Li j = xiD j−x jDi is a Dunkl analogue of angular momentum, and for ease of
notation we denote some specific linear combinations of elements of D˜ε12 as follows:
O1 = κ1(σ˜3+ σ˜5)+κ2(σ˜2+ σ˜4+ 2σ˜6),
O2 = κ1(σ˜1− σ˜3)+κ2(−2σ˜2+ σ˜4− σ˜6),
O3 = κ1(−σ˜1− σ˜5)+κ2(σ˜2− 2σ˜4− σ˜6).
(6)
It is immediate to see that the sum O1+O2+O3 = 0. Moreover, we will denote
E = [O1,O2], and by direct but slightly tedious computations, we can also see that
[O2,O3] = E =− [O1,O3]. From the realisation (5), it is clear that Oi j = −O ji, and
it is convenient to abide by this convention also when defining the algebra elements
abstractly.
The interaction of the two simple reflections σ˜1 and σ˜2 with the two-index sym-
metries of equation (5) are given by:
σ˜1O12 = O13σ˜1, σ˜2O12 = (−2/3O12+ 2/3O13+ 1/3O23)σ˜2,
σ˜1O13 = O12σ˜1, σ˜2O13 = (2/3O12+ 1/3O13+ 2/3O23)σ˜2,
σ˜1O23 =−O23σ˜1, σ˜2O23 = (1/3O12+ 2/3O13− 2/3O23)σ˜2;
(7)
from which the entire action of D˜ε12 follows.
The final generator of our symmetry algebra is a central element O123, of which
an explicit realisation is given by
O123 = εe1e2e3+O1e2e3−O2e1e3+O3e1e2+L12e3−L13e2+L23e1. (8)
As a consequence of the relations in the general case, see [1, Thm 3.12] or [2,
eq. (1.7)], the two-index symmetries (5) respect
[O13,O12] = O23+ 2O123O1+E ;
[O23,O12] =−O13+ 2O123O2+E ;
[O23,O13] = O12+ 2O123O3+E .
(9)
These relations can be proved specifically for the G2 case, in a similar manner as
was done for S3 [3].
In the right-hand sides of (9) appear the linear combinations of elements of D˜ε12
given by (6) and E . When the deformation parameters κ1, κ2 are chosen to be zero,
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these all vanish and the relations (9) reduce to those of the orthogonal Lie algebra
so(3).
3 Ladder operators
The result we prove next holds for arbitrary root system in R3. Hereto, one should
use the appropriate definitions for O1,O2,O3 as given in [1, eq. (3.8) and Ex. 4.2]
and the relations analogous to (9) given by [2, eq. (1.7)].What we obtain in this way
are not yet the desired ladder operators, though we will show that they do lead to
ladder operators for the G2 case at hand.
Proposition 1. Let ω = e2ipi/3 and consider the following linear combinations:
O0 =−i/
√
3(O12+O23−O13),
O+ =−i
√
2/3(O12+ωO23−ω2O13),
O− =−i
√
2/3(O12+ω
2O23−ωO13).
(10)
Denoting ω+ = ω and ω− = ω2, they satisfy
[O0,O±] =±O±∓ i
√
2/3(2O123(O3+ω
±O1+ω∓O2)
+ [O1,O2]+ω
± [O2,O3]+ω∓ [O3,O1]);
[O+,O−] = 2O0− 2i/
√
3(2O123(O1+O2+O3)
+ [O1,O2]+ [O2,O3]+ [O3,O1]).
(11)
Proof. Using the definitions (10) and grouping the terms appropriately we obtain
[O0,O±] =−
√
2/3
(
(1−ω±) [O23,O12]
+ (ω∓− 1) [O12,O31]+ (ω±−ω∓) [O31,O23]
)
.
Noticing that (ω±−ω∓) = ±i√3, and (1−ω±) = 3/2∓ i√3/2 = ±i√3ω∓, and
(ω∓− 1) =−3/2∓ i√3/2=±i√3ω±, and applying [2, eq. (1.7)] results in
=∓i
√
2/
√
3
(
ω
∓(O31+ {O123,O2}+[O3,O1])
+ω±(O23+ {O123,O1}+[O2,O3])
+O12+ {O123,O3}+[O1,O2]
)
,
and finally using again the definition (10) one arrives at the desired expression.
In the same manner for the second equation, we find
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[O+,O−] =−2/3(ω−ω2)([O23,O12]+ [O12,O31]+ [O31,O23])
=−2i/
√
3(O31+ {O123,O2}+[O3,O1] +O23+ {O123,O1}+[O2,O1]
+ O12+ {O123,O1}+[O1,O2])
= 2O0− 2i/
√
3({O123,O1+O2+O3}+[O1,O2]+ [O2,O3]+ [O3,O1]) .
As O123 is central, this proves the second equality. ⊓⊔
When the root system satisfies some specific properties, we can use the previous
result to obtain ladder operators.
Proposition 2. For the root system G2, the elements O0, O+ and O− satisfy
[O0,O±] =±O±∓ 2i
√
2/3O123
(
O3+ω
±O1+ω∓O2
)
;
[O+,O−] = 2O0− 2i
√
3E .
(12)
Moreover, the quadratic elements K± = 1/2{O0,O±} fulfill the ladder operator
relations [O0,K±] =±K±.
Proof. Starting from the relations (11), we can use 1+ω +ω2 = 0, and O1+O2+
O3 = 0, while [O1,O2] = [O2,O3] = [O3,O1] = E , to arrive at (12).
In addition, we have [O0,K±] = 1/2 [O0,{O0,O±}] = 1/2{O0, [O0,O±]}. By the
first relation (12), this becomes
[O0,K±] =±1/2{O0,O±}∓ i
√
2/3
{
O0,O123(O3+ω
±O1+ω∓O2)
}
=±K±.
In the last step we used the fact that O123 is central, and that all elements of D˜
ε
12
anticommute with O0, which is clear from the action (7). ⊓⊔
These ladder operators can now be used in the study of the representation theory
of the symmetry algebra in a similar vein as was done in the S3 case [2], which we
aim to do in future work. In addition, we will investigate the construction of ladder
operators for other reflection groups.
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